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Publisher's Note 

As we all know, Ramakrishna Mission Vidyamandira is 

celebrating the Platinum Jubilee this year. As an integral part 

of the celebration, each department is organizing a National / 

International level seminar. I am happy to note that teachers 

and students of the Dept. of Mathematics worked hard to 

make the departmental seminar, a UGC-sponsored one, a 

grand success and that now the proceedings of the seminar are 

being published in the form of a booklet. I congratulate each 

and every member of the faculty, honorable guest-speakers, 

the young research scholars who presented papers and all the 

members of the non-teaching staff who assisted in every 

possible way in bringing out this volume.

Swami Shastrajnananda 

1



Introductory Words 
Kartick Chandra Pal 

Head, Department of Mathematics 
Ramakrishna Mission Vidyamandira 

“The Mathematics are distinguished by a particular privilege, 
that is, in the course of ages, they may always advance and 
can never recede.1 “ said Edward Gibbon in his celebrated 
magnum opus ‘The History of the Decline and Fall of the 
Roman Empire’. And never was this advancement more rapid 
and spectacular than in our age of high-speed computers. 
Today, an ardent student of Mathematics can afford to remain 
oblivious of these advancements only at the grave risk of 
stagnation. Indeed, in a bid to surveying the current 
developments in certain areas of Mathematics, Ramakrishna 
Mission Vidyamandira, in collaboration with ISI, Kolkata, 
hosted a two-day national seminar (UGC-Sponsored) on 
‘Recent Developments in Mathematics and its Applications’. 

The participants in this seminar were prominent specialists in 
their fields. Their respective presentations were eminently 
thought- provoking. Mention may be made of some of these 
topics such as ‘Syzygies and Betti numbers of curves’ by 
Prof. B.N. Mondal, ‘Young’s old theorem revisited’ by Prof. 
Alok Goswami, ‘Applications of Gothendick Inequality in 
Operator Theory by Prof. Gadadhar Misra etc. In essence, the 
strength of these illuminating lectures lay in their kindling in 
students and teachers alike the spirit to explore newer vistas of 
Mathematics. 

Ramakrishna Mission Vidyamandira is pleased to bring out 
this volume containing the proceedings of the seminar. We 
hope the perceptive readers would find this collection 
enriching. 
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1 The History of the Decline and Fall of the Roman Empire - Vol V, page 269



        

 

  

 

                  

                

           

  

                   

                      

                    
           
                   
                
                
    

      

    

   



       

       
               
                 
                   

               
           

    

      

   



   

 

      
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        

   













      

     

    

        

     








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        

      

     

     

    

          

      

     

     

     

  

       

    

                   

      

      

          

        

      

           

        

     











5



        

        

      

    

   



       

       

    













      

       

     

    

                  

     











        
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        

                 

         

       

      

      

    

      

   









             
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        

      

      

    

        

     









      

      

    

      

     








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        

               
                
                
            

                 
    
       
          

      

   
            

            
                    
               
                       
                   
                
          

            
                      
                      
                        
                         
                
                      
                 

           
                   

                 

      

     
      

                     

                      
           

    
  


        

        

  

         

               

                   

                       
         
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        

                            
              

    
      

  
  

         
     

                  
                    
 

           

               

                  

                      
                 
               
                         
      
                      

                 

  


            

  



 

 

  


    

 


       

              
        




          
         

                
     

             



                
             
                   

               
    

  

              

      
     
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        

                    
       
                        
                   

             
                   
    

  

          

        

     
      

    
           
     


  
  

                   
     

    

   

         

                       

          

                



                  
                 

  



 

    

             

                  

      

            

 
 

    

    



 

    

          
              


 

   

                

             
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        

                     
               

          

       
               


 

     

                   

  
  

    
 

     

       
   

           
                     


         

  

  
       

                        
     
      

           

        

      
   

 
 

                   
  
                   

          

                   

         

      

                   
         

                          

    

    

        

        

       

  


  

    



            
   

      

                  
               
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        

          

                     
               
   

                      

   

   


                
                       


 

 

        




 
  

 
    

    

    

      

     
 

     
 




  
   

  
 




  
    

  
 

            
         

      
                     
    

    
        

          
           

     
  

     

         

  
            
      

             
    
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        

   

    

      

    

   



       

       

    













              
         

   


      





          

           

        

             

   


 


   




         

             




          
               
              

         

          


         



                       
 

 



     











          


 


 

 







  

      


  


 


  


      


 
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        

    

         

                              


     

       

  
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        

 
    

    

           
               

                     
                
              
           
         
             
 


     

    

 

            

           
              
               
                  
               

       
                
           
            
               
             
              
           

  
           

            
                   
                 
    

              
               


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          
           
              
           

            
            

       
     

                    
              
               
               
         
           

     

                     
                  

                 
             

                  
                   
     

               
                  
     

               

                 

                
          

              
                    

               
         

   
         

              


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                
              
                  
               
          
          
      
       
        

            
    

               
               

                 
                 
      

           
                    


 

            
          

       

      
              
          

  

  
             
              
     

              
          


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           
              
               
                  
               
               
                
          

             
                   
                  
                 
             
               

                 
                   
              
                

                 
               
            
     



         
           
                    
               
              
                  
               
    

                  
                 
               
        

                
                   
                  

       
                  
          

                   
                    
                 


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                    
                     
                     
              
 

                
                     

           
         

              
                
               
                 
                 

                 
       

                 
                    
           
               

          


 
      



         
           
                 
               
            
        
                    
                   
                 
                    
                      
                 

       
                
                
                
                

             
                  
                
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                 
             

              
               
                 
                

       
                   
                 


    

       
     

             
         

       

                 
     

                   
               
           



           
          
         
 

            
 

           


          
   

            
  

             
        

             
        
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   

 

           

 

         



             
               
               
              
              

        
  

 

               

           

      

           

   

       

                

                   

    

   
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             

               

            

              

             

             

       

               

               

             

           

             

       

         

                 

                    

           

             

   


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             

            

        

                

                    

            

               

               

             
    

                  

           

     

                  

                  

   





                  

                   

                    

               

      





       

            


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                      

             

                



                    

              

              

  

            

              

                  

      

    

               

              

            

       

 

              


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    

                  

 

                

            

       

            

                

            

  

                  

  

  

                  

  

    

            

           

            

     

                  


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            

       

               

     

           

                  

                

        

    

    

    

      

    

                

                  

                 

                   

                   

              

          

               
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               

 

                   

        

                    

      

                   

                    

                   

                   

           

              

                    

                 

             

                   

                

   

 

     


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               

              

           

            

           

             

       

          

          

             

                

      



          
     

             
    

 

         
       


         
        

         
     

              
 


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          
        


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      

  

  

  

  



  



             

           

          
    

 

              

         
            

              

         
            


  

          

         

  


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          

           



              

           

             

          
             



             

    

  

            

 

      

      

            

               

            
  

          

       

 

   

    

           

          

              

             

               
             

            


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              

  

      

  

              

            

      

  

      

      

                  

      

     

  

              
                 

   

           

        

   





   







      

            

                
                    
                 

           

  

            
                





 

            

   


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   

            
             

         

  

            

                

          

          


        

 

              

      

    



              

                
             

     

   

        

     

   

                
       

      

   

                
                    
       
                 

                 

       
          


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              

    

   

               

              

  

           

    

     

  
 

   
            

   

    

          

          

  
    

 
    

                  

  

                

                 

                 

       

      

                  

                

   

   

      


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 

    

          



            

   

    

        
         

             

          

             
             

              

         



               

         
            


     

              

         

       

   

                


       

  

             



               


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            

               

            

      

 

              
       




      

 



  

          

 






            

  





              

       

           





                
            






    



         

            

   

     

    





  




   

            

          

 





 






       
    




  

    



         

  



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      

    





  







  

 





  




      





  

  






   

       



  

 





  








     

    





 

           

      






      





  




 

    





  




    

 





  




   

     



        



 





  

               
                 

           

      

                 
          




     
                  

 


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                

   
     

               

  




    

                   







      





   



                    

                

         

           


        


   


              

     

  
     

                    

  

               

            





   

      

       

          

       

     

               

               
   


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          

          

   

   


     



   


                

               

   

             
           

  

            
   
           

       

              

                 

              
 

                
 

      

               

             

 
                  

      
          

       

                

        

    

          

  

   
    

     
  

  


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   

  

   
    

    
 

  
    

 

   
         

   

 

  

           


                

   

                 

    

  

            
      

     

      

 

             

       

  
 
 

             
 

 
   

 

 
   

      

        
 




               

          







 

  

  

  

   
  

 

 





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   

             

                 

               

                 

      

                 

               




 
  

  

  

   

  

 
 








  

  

  

   

  

 
 




            





 

  

  

   

  
 

 








 

 

  

   

  
 

 




            






 

 
 

   

  
 

 









 

 
 

  

  
 







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            






 

 

 
 

  

 











 

 

 
 

 

 






   

          



    

       

   


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     

 

  



            



    



           

            

        

               

               

                

               

            


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           

      

  

              

                 

          

       

           

            

    

        

          

                  

     

    

    

       

       



         

     

        

        


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

         

       

        

      

   

       

      

        

     

 
 

            

         

  

  


    

    

               

         

             

     

             

        

             


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          

     

  

            

                     

              

                  

              

                  

                  

                  

               




    

   

         

 
                       

    

                

         

  

      

  

   
 

   
 

 

   


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  


 

    
 

        


 

      
 

    

     

                          

                    

            
 

    

  

                     
 

  

  

                   

                

         

               

               

                    

                           

  

   



48



      

  

             

                 

       

 


           

               

    

                   

               

                  

              

        

           

  

               

           

    

             

            

    

               


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      

         

              

      

       

               

          

             

     

        

       

        

          

    

   

  

              

      

   

              

               

                

 


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              

               

               

               

              

             

  

  

              

               

  
     

          
 

          

   

                 

 

               

    

                 

  

             

        

               

             


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             

               

            

   
      

 

             

     
      

         

   

      

   

      

              

         

  
   


             

     
 

 

 

 
 

 

         

          
    

    

      


 

  



 

     

     

 
 


  



 

  

 
 


   



 

 



 

  

 
 


   



 

 

       

  


 

 

   



 

 


 

 

     

  


 

 


 

 

   



 

                


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   



 

  



 

   



 

  


 


    


 


          




 
 

   



 

  


 


   


 


         

  


 

   



 

  

 
 


   

 
 


                 


 

 

           

               

  


 

 

   

 
 


   

 
 


               


 

 

  




 

  



 

              



 

   

                     


 

  

   



           

            

           

          


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

        


          

          
         


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WAVELETS AND APPLICATIONS 
(Quadrature rules involving Daubechies wavelets) 
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Plan of talk 

• Introduction  to wavelets
• Daubechies wavelet
• One-point qudrature formula
• Evaluation of regular integrals
• Evaluation of singular integrals

Weakly singular (Abel)
Strongly singular (Cauchy)
Combination of Abel and Cauchy

Further works
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Introduction to wavelets 

Some simple ideas 

A very brief history 

Wavelet analysis is a new (?) development in the area of applied mathematics. 

It was first introduced in seismology to locate underground oil deposits. Petroleum geologists 
usually locate underground oil deposits by making loud sound noises.  

Why? 

• Because sound waves travel through different materials at different speeds, and
geologists can infer what kind of material lies under the surface by sending seismic
waves and measuring how quickly they rebound.

• Unfortunately, seismic signals contain lots of transients - abrupt changes in wave as it
passes through one layer to another. Fourier analysis spreads that spatial information out
all over the place. 

• Jean Morlet , an engineer, in nineteen hundred and eighties, developed his own way of
analyzing the seismic signals to create components that were localized in space, which he
called wavelets of constant shape. Morlet, in his personal computer, could separate a
wave into its wavelet components and then reassemble them into original wave. But he
was not sure if this is mathematically sound. He found the answer from Alex Grossman, a
physicist at the Centre de Physique Theorique , Marseills. Both of them collaborated and
found that waves could be reconstructed from their wavelet decompositions. They coined
the word wavelet and published their paper in 1984

• Yves Meyer heard about this work in the same year and is the first to realize the
connection between Morlet’s wavelet and earlier mathematical works of Littlewood,
Paley. He discovered a new kind of  wavelet, with a mathematical property called
orthogonality that made the wavelet transform as easy to work with and manipulate as
Fourier transform. Orthogonality means that the information captured by one wavelet is
completely independent of the information captured by another. 

• In 1986, Stephane Mallat, a student of Meyer, linked the theory of wavelets to the
existing literature on subband coding and quadrature mirror filters. Thanks to Mallat’s
work, wavelets became much easier.

• Ingrid Daubechies, a post doc in Courant Institute, fired the final great salvo in the
wavelet revolution in 1987. She discovered a whole new class of wavelets, which are not
only orthogonal but which could be implemented using simple digital filtering ideas. 
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• The Daubechies wavelets have surprising features, such as intimate connections with the
theory of fractals. These turn the theory into a practical tool that can be easily
programmed and used by anyone with a minimum of mathematical training.

To summarize the history we have the following table. 

1910, Haar families 
1981, Morlet, wavelet concept 
1984, Morlet and Grossman, wavelet 
1985, Meyer, orthogonal wavelet 
1987, International conference in France 
1988, Mallat and Meyer, multiresolution 
1988, Daubechies, compactly supported orthogonal wavelet 

Mathematical Background 

 In mathematics, representing a complicated function f , abstract space of 

functions with the aid of  some simpler functions nf by 

n
n

n fcf
 (1)  

for unique set of coefficients nc , has been employed since the era of Lagrange. 
Representation (1) may be regarded as the decomposition of complicated function (phenomenon) 
into the sum of many simple pieces in such a way that the study of each of these pieces might be 

easier. For instance, if   is a operator (linear, in particular)  on  and its action on nf
 are known, one can find the action of  on an arbitrary function f , as 

       (2)  
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Whenever the abstract space is a separable Hilbert space , a countable set of 

functions nf is said to be Riesz basis if every  f  of the space can be written

uniquely as in (1) and there is a bounded invertible operator on , mapping nf  onto an

orthonormal basis for  . 

If the functions nf  is the sequence of orthonormal functions, the formal infinite 

series (1) is called Fourier series of f and the functions nf ’s are called harmonics. 

Examples are:  

i) System of trigonometric functions :

2
1

, xcos
2
1

, xsin
2
1

, , nxcos
2
1

, nxsin
2
1

, . 

or ,2,1,0,
2
1 ne xni

, 

ii) System of Strum-Liouville functions:

Solutions of the homogeneous self-adjoint linear ordinary differential equation 

0,d dup x q x u u x
dx dx

with some well behaved functions xp  and, xq for all possible values of 

satisfying boundary condition 0du h u
dx at x and 0ug

dx
du

at 

x . 

To analyze a function it is helpful to use some basic tools (i.e., basis) that look like the function 
itself. 
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Now the question arises, does there exist at all an orthonormal function system with the property 
that every continuous function (even not in the space containing the basis) can be expanded in 
the Fourier manner into a uniformly convergent series, according to the function of this system? 
The answer is negative, has been shown a long ago by Haar in his dissertation work at Gottingen 
in 1909. In the same vein Haar prescribed a complete set of orthonormal discontinuous functions 

based on a single function ]1,0[  (characteristic function on [0,1]) such that the Fourier 

series with respect to the proposed set of orthonormal functions of a function f  converges to

this function at every point of continuity '' x  of f .

Haar’s mother wavelet function 

      



   

   otherwise 

Its scaling function is 

      

   otherwise 

      

          

      

Support of   is Ij, k = [ k j, (k+1) j) 

   

   

The Haar functions are pairwise orthogonal, 
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    

The Haar system on the real line is the set of functions    

It is complete in L2( ): The Haar system on the line  is an orthonormal basis in L2( ). 

Properties of Haar wavelets 

1.Any continuous real function with compact support can be approximated uniformly

by linear combinations of           . 

and their shifted functions  . This extends to those function spaces where any 
function therein can be approximated by continuous functions. 

2. Any continuous real function on [0, 1] can be approximated uniformly on [0, 1] by
linear combinations of the constant
function 1(const),          and their shifted functions  

3.Orthogonality in the form

    

After seventy years of its inception, the work of Haar initiated a new scheme for representing 
functions, now known as wavelet expansion in mathematics, wavelet transform of signal in 
engineering [Daubechies]. It also developed a novel scheme for the systematic analysis of the 
convergence of the expansion known as the multiresolution analysis (MRA) [Mallat & Meyer]. 

Wavelet expansion are similar to the Fourier expansion but the different functions nf ’s (like

xnie
2
1

or  xu nn ,  nonzero almost everywhere within the domain of definition of
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the function )  in the basis are replaced by xkj ,   indexed by the collection of 
all subintervals. Note that these functions are all copies (by translation and change of scale) of 

the same regular function x  , localized in a finite domain in .

 A MRA of the Hilbert space  of square integrable functions   is defined as a sequence 

of closed subspaces jV , j , with the following properties: 

i) 1jj VV

ii) 12 jj VxvVxv ; 

iii) 00 1 VxvVxv ;

iv) j
j
j V  is dense in   and 0j

j
j V ; 

v) A function 0V , known as scale function, with a nonvanishing integral exists such 

that the collection Zllx |  is a Riesz basis of 0V . 

 Moreover, a sequence Zhk
2

, known as filter coefficients or masks, exist such that 
the scale function satisfies the relation 

k
k kxhx 22  (3) 

goes by several different names: refinement equation, the dilation equation, the two scale 
difference equation, renormalization equation etc. 
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Interestingly, it can be shown that the collection of functions Zkkj |, with 

kxx j
j

kj 22 2
,  is a Riesz basis of jV . 

  It is important to note that in the scale function dependent analysis of wavelet 

expansion of RL2
, the filter coefficient or mask kh  plays the dominant role. For

example,  

i) Support of the scale function depends on the number of nonzero kh ’s. If the

number of nonzero kh  is finite, the scale function has compact support.

ii) The Fourier transform ˆ of x also depends on kh through the 
relation

1
0 22

1ˆ
j

jm

 with 

02 mehH ki

k
k . 

It has been found that although Daubechies scale function can generate sets of orthonormal basis 
for multiresolution approximation of any function   defined over the entire real line , 
it looses this aspect whenever the domain of definition becomes finite. The origin of this 
difficulty lies in the loss of the translational invariance (condition (iii) of MRA) of the scale 
function near the edges of the finite intervals. Consequently, straightforward use of MRA is no 
longer possible. 

To overcome such hindrance, some researchers tried to regain MRA either with the aid of 

biorthogonal system or by constructing a set of orthonormal basis with the help of the scale 

functions having full and partial supports within the finite domain. Unfortunately, the process of 

construction of the orthonormal basis swallows many advantages of the method achieved in case 

of whole real line. 
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 It has been  observed that orthogonality is no longer a significant issue for wavelet bases of 

Sobolev spaces. Instead, the size of the support of a scale function or wavelet turns out to be an 

important criterion for its performance. 

Multiscale analysis has found its way into diverse fields, from differential or integral equations, 
numerical analysis in mathematics to signal and image processing in computer science and 
electrical engineering. 

Daubechies wavelets 
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     Ingrid Daubechies (December 2005) 
DOB: 17.8.1954,  
POB: Houthalen-Helchteren, Belgium 

Short Biography 

Daubechies was born in Houthalen, Belgium, as the daughter of Marcel Daubechies (a civil 
mining engineer) and Simonne Duran (then a homemaker, later a criminologist). Ingrid 
remembers that when she was a little girl and could not sleep, she did not count numbers, as you 
would expect from a child, but started to multiply numbers by two from memory. Thus, as a 
child, she already familiarized herself with the properties of exponential growth. Her parents 
found out that mathematical conceptions, like cone and tetrahedron, were familiar to her before 
she reached the age of 6. She excelled at the primary school, moved up a class after only 3 
months. According to her parents she was able to derive the area of an ellipse by means 
of integral calculation at the age of 11. After completing the Lyceum in Turnhout she entered 
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the Vrije Universiteit Brussel at 17. Daubechies completed her undergraduate studies in physics 
at the Vrije Universiteit Brussel in 1975. During the next few years, she visited the CNRS Center 
for Theoretical Physics in Marseille several times, where she collaborated with Alex Grossmann; 
this work was the basis for her doctorate in quantum mechanics. She obtained her Ph.D. in 
theoretical physics in 1980, and continued her research career at the Vrije Universiteit Brussel 
until 1987, rising through the ranks to positions roughly equivalent with research assistant-
professor in 1981 and research associate-professor 1985, funded by a fellowship from the NFWO 
(Nationaal Fonds voor Wetenschappelijk Onderzoek). 

In 1985 Daubechies met mathematician Robert Calderbank, then on a 3-month exchange visit 
from AT&T Bell Laboratories, New Jersey to the Brussels-based mathematics division 
of Philips Research; they married in 1987, after Daubechies had spent most of 1986 as a guest-
researcher at the Courant Institute of Mathematical Sciences. At Courant she made her best-
known discovery: based on quadrature mirror filter-technology she constructed compactly 
supported continuous wavelets that would require only a finite amount of processing, in this way 
enabling wavelet theory to enter the realm of digital signal processing. In July 1987, Daubechies 
joined the Murray Hill AT&T Bell Laboratories' New Jersey facility. In 1988 she published the 
result in Communications on Pure and Applied Mathematics. 

From 1994 to 2010, Daubechies was a professor at Princeton University, where she was active 

especially within the Program in Applied and Computational Mathematics. She was the first 

female full professor of mathematics at Princeton. In January 2011 she moved to Duke 

University to serve as a professor of mathematics. 

In 2012 King Albert II of Belgium granted her the title of Baroness. 

Daubechies and Calderbank have two children, Michael and Carolyn Calderbank. 

The name Daubechies is widely associated with 

the orthogonal Daubechies wavelet 

and the biorthogonal CDF wavelet. 

 Daubechies used the idea of multiresolution analysis to create her own family of wavelets. 
These wavelets were of course named the Daubechies Wavelets.  Daubechies wavelet family 
satisfies a number of wavelet properties.  They have compact support, orthogonality, regularity, 
and continuity.   The property of orthogonality is satisfied because the inner products of all of the 
various translates of the Daubechies wavelets are zero.  The regularity property is satisfied 
because the Daubechies wavelets can reproduce linear functions.  Finally, the continuity property 
is satisfied because the Daubechies wavelet functions are continuous even though they are not 
very smooth and not differentiable everywhere.  Although it is not a very good one, there is an 
example of the Daubechies scaling function shown below. 
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Mathematically, wavelets with compact support 
proposed by Daubechies, as the generalization of Haar function, are sets of functions generated 
from a single function called father function or scale function or refinable function satisfying the 
most important scale relation. 

Most surprising aspect of this function is 
that one need not know the explicit form of 
the function at all for its use. Instead, only knowledge on the coefficients of two-scale relation, 
usually called mask or filter coefficients, are enough for its application 
to the appropriate problem. 

In comparison to representing  functions 
in terms of orthogonal  bases (usually having infinite support or support over entire domain of 
interest) Daubechies scale function offers much convenient role for representing functions of 
physical origin. 

1. Basic properties of Daubechies scale functions

Here we will discuss the basic properties of Daubechies scale function with a compact support 
mainly within a finite interval      (a, b are integers) so that a small programme can 
generate requisite values effectively. Our emphasis here lies on the scale functions having three 
vanishing moments of their wavelets. 

1.1 Refinement equations 

On , the scale function  with compact support  ,  is assumed to satisfy the 
refinement equation 

       (1) 
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with the mask 

        , 

             (2) 

is a    matrix with  

     .   (3) 

In concurrence to the def. (1), define another function   as  

                                                  (4) 

where 

       

with 
         

Masks (coefficients   for Daubechies scale function in  which maintains orthonormality with 
its dyadic dilation and integer translates 

     

at a particular resolution  and vanishing moment up to order  for  , can be 
evaluated.  

Table 1: filter coefficients (  for           
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Using the dilated functions   and      one can develop the multi- resolution 
analysis (MRA) for  . 

However, it is important to note that translational invariance and orthonormality of   

 and       have been lost whenever the domain of independent variable 
 is restricted to a finite interval     To deal with this situation, we divide the translates 

of refinable functions 
at a particular resolution  as well as wavelet 
into three classes 

               , 

             , 

               ,  (5) 

Here     when  and  otherwise. 

Although the refinement equation for interior scale function of  remains unchanged as given in 
(1), the two- scale relation for other classes viz.,  and  can be recast into 

                   (6) 
and 

                  (7) 

Here the notations  and , 
     are defined  by  

   where         0 otherwise 
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         , 

           ;    (11) 

and 
          , 

           (12) 

The abbreviations and  in (11)-(12) stand for the overlapping of right tail and left tail of 
support of the refinable function with the interval . 

NOTE (Imp.) 

In contrast to the functions in the class  which are orthonormal and the integer translates of a 
single function   follows single scale equation (1), functions in the classes  or  are 
neither orthonormal nor follow the single refinement equation. Instead, they are independent and 
each of them follows different refinement like equations (6) and (7) separately.  
Consequently, moments and normalizations 
for scale functions in  or  are 
different from the same for the scale functions 
in . 

1.2 Moments and product integrals 

We just outline the recursive formulae for the evaluation of moments of scale functions 
belonging to all three classes ,  and . 

1.2a    Moments of  
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The  moment,  for the scale function 
  can be obtained by using the refinement 

equation (1) in the formula 

  

 (13) 

Formulae (13) and (14) are essential to determine moments of scale functions in the 
classes and . 

1.2b Moments of 

If we denote 

     (15) 
and 
     (16) 

for the scale functions     and   , then  and   (components)  respectively  are 
the solutions of the linear equations 
(            (17) 

and 

(       (18)  

with 

       ,   (19) 
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        (20) 

Values of  s  in (19) and (20) are obtained 
by simultaneous use of (13) and (14). 

Partial moments for functions belonging to and  at higher resolution  can be found by 
using results of (17) and (18) in the formulae 

   
 

 (21) 

and 

   
 

 .     (22) 

The accuracy of the values of  and  for 
different          , can be verified from the consistency condition 

     

  (23) 

1.2c Product integrals 

By construction, the mask  in (1) is determined with the requirement that 

where  is the Kronecker delta symbol. 
However, this property does not hold when ‘s 
belong to and  separately. Their numerical values 

are solutions of the system of linear equations 

     ,   or 
       (26) 

where , ,   are given by (8) and (9) respectively. 
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It must be noted that 

vanishes identically and  (   ,  ) follow the consistency condition 
     .  (27) 

2. One-point quadrature formula for Daubechies scale function with partial
support

(Panja and Mandal (2011) Appl Math Comput) 

There is a considerable progress in the use 
of wavelet in the numerical estimate of functions satisfying differential equations or integral 
equations or some mathematical operations which appear in diverse fields of science and 
engineering. In spite of a considerable success, there still exist some important problems which 
are yet to be solved satisfactorily. For example, numerical evaluation of integrals of products of 
scale fuctions or wavelets having partial support within the range multiplied by an ordinary 
function, may not be easy to perform. Except for a few special cases, it is not possible in general 
to compute these integrals directly by finding their premitives. 

Since Daubechies scale functions or wavelets 
with compact support have no explicit forms, it is a formidable task to find the primitive of any 
integral consisting of the product of Daubechies scale function or wavelet and any ordinary 
function   

Here the one-point quadrature rule for 
Daubechies scale function and wavelet with 
full support in the real line R is extended 
to those with partial support in the finite 
interval     This rule gives very accurate numerical results for the integrals of product 
of a function     

and Daubechies scale function with partial 
support within    

2.1 One point quadrature rule for truncated 
scale function 

The one-point quadrature rule

to estimate the numerical value of the integral 
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involving product of a smooth functions 
  and the scale functions   for        was established

by Sweldens and Piessen(1994) SIAM J Num Analysis and Kessler et al (2003) provided the 
values of the moments are known.  

However, this rule is not valid when  

Kessler et al(2003) suggested using     point Gauss-Legendre type quadrature rule with 
weights determined by solving a system of linear equations obtained by the requirement that the 
quadrature rule reproduces the lowest order moments up to order  for evaluating such integrals. 

But the method will face considerable difficulties in reproducing the value of the function from 
the raw images (i.e. the 
coefficients of expansion of   in the scale function (Daubechies) basis). 

It is thus desirable to formulate one-point quadrature rule even for truncated scale functions with 
minimum possible error so that all the scale functions can be treated on equal footing so far as 
the evaluation of their integrals is concerned.  

Keeping this in mind, one-point quadrature rule for integrals involving non-normalised truncated 
scale functions is now developed. 

We choose two constants, weight  and 
node  such that 

produces exact results up to polynomial of 
degree one in   

The choice     in (29) then yields 

The choice 

in (29)  produces 
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In Tables 2a and 2b, some representative values of weights and nodes in the one-point quadrature 
rule for truncated scale functions for Daubechies-3 scale function are given (calculated by using 
the data given in Chen et al 
(1996) Int. J. Num. Meth. Engg.) 

Table 2a 
Weights and nodes for boundary 

integrals for RT 
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Table 2b: Weights and nodes for boundary 
integrals for LT 

2.2 Error analysis 

If   denote the error in the evaluation 

of the integrals        by the 
one-point quadrature rule (29), then 

Thus 

where 
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Following a somewhat similar analysis with appropriate modifications, the error  satisfies the 
inequality 

where  and  have obvious meanings. 

2.3 Illustrative Example 

To demonstrate the efficiency of the one-point quadrature formula (29) with the weight and node 
given by the formulae (30) and (31) respectively, the numerical results for the integral 

 

for Daubechies-3 scale function obtained by the present method are compared with those 
obtained by Xiao et al (2006) Appl Math Comp  
using Gauss-Legendre 7-point and wavelet Gauss -point    rules. The results are 
presented in Tables 3a , 3b, 3c. 

Table 3a: Values and errors in one-point quadrature rule 

Table 3b: Values and errors Gauss-Legendre 7-pt. quadrature rule in  subintervals 
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Table 3c: Values and errors in wavelet Gauss -point quadrature rule ( mode) 

The Tables 3a, 3b, 3d show that the results obtained by the one-point quadrature rule presented 
here are comparable to those obtained by multi-point Gauss-Legendre and wavelet-Gauss 
quadrature rules. It is obvious that the one-point rule is easy to implement compared to the multi-
point in obtaining the same order of accuracy. 

To verify the consistency of the rule we consider two more examples, viz. 

   and    

Since weights and nodes for wavelet-Gauss n-point quadrature rule proposed by Xiao et al 
(2006) are not readily available and the values of   cannot be well approximated at the 
nodes of the Gauss-Legendre quadrature rule, we have calculated all the three integrals 
approximated by using the one-point quadrature rule proposed here and Simpson’s one-third rule 
at several resolutions and presented them in Table 3d. 

Table 3d: Absolute errors in values obtained by using one-point quadrature rule and Simpson’s 
one-third rule for     

   and   
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Comparison of the results confirms that the one-point quadrature rule provides very accurate 
results at each resolution compared to the existing ones. 

It may be noted that the values of the integral 

   

for higher resolution are obtained by using the rule 

Remarks 

  Here one-point quadrature formula for evaluation of integrals containing product of 
smooth function and scale function with partial support has been obtained. The bound for 
the error in the quadrature formula has been analysed purely based on scale function, 
without using the properties of wavelets. 

 From the numerical results for the integral 

   

it appears that the error at resolution zero is found to be 1.0 × 10 2. The estimates (33) shows 
that this error decreases roughly at the rate of    per resolution as the resolution 

increases. Thus, one can easily guess 
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the level of resolution  at which the desired 
order of accuracy can be attained (which is an 
essential information for the development of 
a self adaptive numerical method).  

It opens the possibility to develop scale function based quadrature formula for numerical 
evaluation of integrals (nonsingular and singular) in a finite interval by considering integrals of 
products of a integrable function and a scale function with partial as well as full support 
uniformly. 
\ 
This has been done recently in the following paper  (which is however not discussed here). 

Gauss-type quadrature rule with complex nodes and weights for integrals 
involving Daubechies scale functions and wavelets, Panja, M M and 
Mandal, B N., J. Comput. Appl. Math 290 (2015) 609-632. 

Regular and weakly singular integrals 

3. Quadrature rule for weakly singular
Integrals 

Weakly singular integrals appear in diverse fields of mathematical sciences. Since most of them 
cannot be evaluated analytically, several numerical methods have been developed for evaluation 
of their approximate numerical values. 

Observing the success of representing      in Daubechies scale function based 
Meyer basis we now develop a quadrature rule in terms of raw image of   (coefficients 

) for numerical evaluation of weakly singular integrals with singularities at the edges 
and . 

3.1 Raw image of bounded     

The coefficients of the expansion of   in the scale function basis are known as raw image. 
Similar to the expansion of     we represent     as the sum 

where    is the characteristic function in    The range of  in the summation can be 
justified since    and the support of   is [   However, due to finite 
support of  , whenever             or 

          only some part of the support of   overlaps with    
Consequently, all the  ’s with supports having nonempty overlaps with    need to be 
classified into three categories as mentioned in section earlier in section 1.1. 
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We have seen in the same section that whenever   ’s are not normalized and 
integrals of their product within    do not satisfy orthonormality conditions. So, the 
determination of coefficients ’s in the expansion (37) for , are not straightforward 
as in the case of   In order to evade the intertwining of   and  , we 
choose the resolution  such that  ,  and  ,  have no common support. 
As a result 

       (38)  

whenever  and . Multiplying both sides of (37) by   and integrating over 
   and using normalization conditions we obtain 

where      

and   . 

Eqn (39) can be split into three sets of linear equations 

From second set of eqs.(40) it appears that the coefficients for interior scale functions in the 
expansion (37) are decoupled from each other. They give the direct relationship between the 
value of the function at the nodes and the raw image (as in the case of   as 

  .  (41) 

However, this is not true whenever  . 
Solving first and third sets of eqs. (40) one can obtain the coefficients for boundary scale 
functions in terms of values of the function at different nodes as 
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Thus, any function      can be expressed in terms of Daubechies-  scale function 
in resolution with full and partial support and the expansion coefficients are given by 
the formulae (42) and (43). 

3.2a Quadrature formula for regular Integrand 

In order to develop Daubechies scale function based quuadrature rule for numerical evaluation of 
the integral of      we integrate both sides of (37) over    and use dilation 
property in combination with the normalizations satisfied by   ,  to get 

Although the evaluation of  is trivial, it depends only upon the nodes , , estimation 
of  requires somewhat heavy calculations for each resolution . Using (42)- (43) in the 
R.H.S. of (44) and interchanging the sum over  and  whenever they take their values in  or , 
one gets 
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where 

The values of each of  for Daubechies 
  scale function is  , and thus the quadrature rule (45) simplifies to 

where  and  are given in first rows of Tables 3a and 3b in reverse order. 
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Table -3a Partial moments )(mI L
k  =  

12

)(
K

k

m dxxx  

k 
m 

1 2 3 4 

0 0.39925843016888396  0.0967114471483401
2  

0.01451327379758
438 

0.000340910992750
353 

1 0.4107722865307886    -
0.1964592138619757 

0.04376465059172
918 

0.001366361972608
421 

2 0.36058536336405395 -
0.3860728286663880
3 

0.13140232857401
3 

0.005472847072422
5 

3 0.1979965650492068 -
0.7163592582754439  

0.39255641017926
9 

0.021906236564613
5 

4  -0.089889970488100   -
1.1889468759534776  

1.16595862431149
9 

0.087621917481467
0 

5 -0.224798155972725 -
1.4864435793368804  

3.44014629236384
6  

0.350212291754873
0 

6 1.3172165028297727 0.0172739817709077
8    

10.0737997576725
2 

1.398641487428037
7 

7 10.53358287064466  9.558447281179674  
29.2515264020680
6  

5.581105888813937 

8 48.17528203128408  48.41482738882302  84.1632347058770
4  

22.25129265804047
3  

9 181.31393039851662 184.7805665186955  239.868747129752
6 

88.63263987297731 

Table -3b Partial moments )(mI R
k  =  

k
m dxxx

0

)(  

k 
m 

1 2 3 4 

0 0.600741569831116 1.0967114471483401 0.9854867262024156 0.9996590890072496 
1 0.406628881280091 1.013860381672856 0.773636517219151 0.8160348058382718 
2 0.307559305774537 1.054217497804979 0.5367423405645771 0.6626718220661685 
3 0.247463479864190 1.161819303188841 0.0529036347341277 0.4235538083487836 
4 0.207116317494341 1.3061732229597185 -1.048732277305258 0.0296044295247737 
5 0.178147065382211 1.4397924887463665 -3.48679738295436 -0.396863382345387 
6 0.156328838077650 1.4562713591365153 -8.600254416765106 0.0749038534793853 
7 0.139297997719183 1.114433587184168 -18.5786455337042 5.091774979549905 
8 0.125629888270937 -0.11391546926800807 -35.8623227863220 26.04961926151454 
9 0.114414815561820 -3.352221304617066 -58.44040191567418 92.79570534110113 

3.2b Estimation of total error 

In the process of obtaining the quadrature 
rule (48) two types of approximations are involved. One is the ommission of the 
detail space in the multiresolution approximation and the other is the numerical evalution of 
coefficients through the formulae 

83



(46)-(47) in the approxiamtion space.  

The bound in the error of the first can be approximated by Jackson’s inequality 

where   denotes the usual  norm while the error for the evaluation of ’s are given by the 
formulae (33) and (36). 

If the error in the expansion of   in (37) is denoted by   then 

where 

In (50),  depends on the basis functions  

and 

(cf. Cohen et al (1995)). 

Now integrating both sides of (49) between  to  after substituting    , 
  or  we obtain 

It may be noted that the function     can be expanded in terms of Daubechies- 3 scale 
function in exact form, and thus there will be no error in the corresponding scale function based 
quadrature rules. If the present one-point quadrature rule is employed to evaluate , then 
also there will be no error. 

We have compared the numerical results of some definite integrals of some regular functions 
evaluated by the present method and by Hashish et al (2009) and these are shown in Tables 4a 
and 4b. 
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From the Tables 4a and 4b it is obvious that present method produces far better accurate results 
than the method used by Hashish et al (2009). 

 Weakly singular integrals 

3.3a  Evaluation of integrals of the form 
 

 
   

Let us consider the integral 

Using the scale transformation followed by 
the change of the variable in (24) we get 

where 

For the evaluation of   we assume 
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the choice of  satisfies the condition       to assure enough interior scale 
functions within       Using the two-scale relation for   in (54), a 
recurrence relation for   is found as 

From this relation it is obvious that the determination of   for particular   
involves numerical values   for  
These quantities, usually called asymptotic 
values, can be evaluated following the fact 
that within the support of    1, the 
factor 1  behaves like a regular function. Therefore, one may evaluate  ’s ,  1 but 
within 0 2   2 1 by either of the results obtained by using one-point 
quadrature rule 

 
1

  

or by using the series 

 
1  

0
0   

Once the asymptotic values are known,  ’s for other positive values of  can be easily 
evaluated with the help of the formula (55). 

The values of  ’s for 2 2 0, are determined by solving a system of 
linear 
simultaneous equations generated with the 
help of (53) whose solution for Daubechies-3 
scale function for 

1
2
 are presented in 

Table 5a. 

Table 5a    Numerical values of 2
1
2
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Again, for          the scale function has the artial 
support within the domain of integration      However, due to the regular behavior of 

within the partial support of   one may estimate   by using either one-point 
quadrature rule 

or by summing the series 

3.3b Integrals of the form  

 
   

Following a similar method with appropriate 
modification, this integral can be estimated 
by using the formula 
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where the two-scale relation for  is found as 

The numerical values of  without prefactors for Daubechies-3 scale fumction are presented in 
Table 5b. 

3.3c Quadrature formula for Integrals of the type  

   
   

We are now well equipped to develop quadrature formula for numerical evaluation of above 
integral in terms of raw image in the Daubechies scale function dependent Meyer basis. We first 
split the above integral into 

with 
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and 

Substituting expansion (37) for the regular functions     within their domain 

and  respectively, and then using the values of the integrals whenever they appear, the 
estimate for the weakly singular integral in (58) can be found as 

where the raw images  ’s and  ’s for   and   are determined easily. 

This formula can be written in terms of values of the function   and   at different nodes 
by reversing the summation over  and  as 
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The quantities   and   aed given by 

To check the efficiency of our formula (63) or (64) for evaluation of numerical values of weakly 
singular integrals a comparison of results for the integrals   

and 
 

have been presented in Tables 6a and 6b. 
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These tables (6a, 6b) show that the method adopted here is superior to the methods adopted by 
Hashish et al [2009] and Jung et al [??] for evaluating the weakly singular integrals. 

Strongly singular integrals 

3.4 Quadrature Rule for Cauchy principal value integrals 

Numerical evaluation of Cauchy principal value(CPV) integrals within a finite domain by using 
scale function is a major issue when wavelet analysis is invoked to boundary integral approach 
for boundary value problems.  
Encouraged by the successful application of Daubechies scale function based raw image 
dependent quadrature formula for evaluating regular or weakly singular integrals within a finite 
interval, we now try to develop quadrature rule for CPV integrals 

with singularity  within the interval     The underlying idea behind the construction of 
formula is the application of formula (37) for   in the integral of (65) and then evaluation of 
the integrals involving product  and   within the interval    So, the prime objective 
of numerical estimate of Cauchy singular integral is the evaluation of the integral 
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Using dilation followed by transformation of variables, (66) can be recast into the form 

where 

Evaluation of integrals in (68) whenever the point is dyadic and the point of singularity   
falls beyond the supports of truncated scale function     has been discussed by Kessler 
et el (2003). We just mention the formulae which will be used here. The values of   for 

         presented in Table 7, was calculated by Kessler et al (2003) by 
extending the limit of the integral in (68) to    using the properties of  . 

The evaluation of   for other values of  are carried out with the help of the recurrence 
relation 
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in conjunction with the asymptotic value of  given by 

Numerical values of    whenever       nd 
    are performed by summing the series 

according as            

Using the expansion (37) for      in combination with the formula (66)-(68), the 
integral of (65) can be written as 

where ’s are raw image of the function   in the basis   determined by using formulae 
(41)-(43). If we denote 

and 

then the quadrature rule in (71) can be recast into 
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To verify the efficiency of the formulae derived here we have computed approximate value 
of  

at several resolution and the values of Legendre function of second kind   from its integral 
representation 

  




 

for several values of  at fixed resolution   
by using (71) or (74). The relative errors of the approximate values are presented in Tables 8 and 
9 and found to be reliable to apply these for the approximate evaluation of other CPV integrals. 

 Table 9: Relative error in the evaluation of   from its integral representation using (71) at 
resolution   

3.4 Composite quadrature formula for integrals having Cauchy and weak singularity 
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During the last few decades the numerical evaluation of a combination of weakly singular and 
Cauchy singular integrals became one of the important problems in numerical analysis and 
computational mathematics. For example, it is well known that the singular integral equation of 
first kind with Cauchy kernel 

where the integral is in the sense of CPV, has four kinds of solutions: 

 being an arbitrary  constant, 

subject to the condition that 

From the outward appearance of the integrals in (76a-e) it appears that although the integrals 
involved in (76a) and (76e) can be evaluated numerically by using the scale function based raw 
image dependent quadrature formula (71) and (74) respectively, integrals involved in other 
solutions (76b-d) remain intractable due to presence of multiple singularities of different types 
within the limits of integration. It is thus desirable to develop quadrature rule that may be called 
composite quadrature rule which can estimate singular integrals with multiple singularities with 
same order of accuracy as has been achieved in case of single singular cases. 
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So, we consider the integral 

We hypothetically divide the range             of raw images 
for regular part of the integrand into three parts 
                          

 and                with a suitable choice for    and treat 

as regular functions within the support of scale functions spanned by the respective index sets 
 and  . Then using the quadrature formulae for weakly and Cauchy singular integrals 

(62) and (71) with the raw images for    the composite quadrature formula for the 
integral in (77) can be found as 

We now compute the integral appearing in the fourth kind solution (76d) of Cauchy singular 
integral equation of first kind (75) for 

        
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and for  







 





For  evaluation of the integral 

  

we have partitioned the domain of integration 
into            at the resolution  . But for the evaluation 

of integrals for    or  3
4
 , one needs to 

adjust both  and the resolution to 1
4
 ,1

8
 and 67 respectively so that the condition  

 
 for each component 

of the partition       and    is satisfied. The approximate numerical values of 
this integral evaluated by our quadrature rule have been compared with the numerical  values 
obtained from the exact expressions 

The absolute errors of our approximate values are presented partially in Table 10 and found 
to be   at the minimum resolution .  

Table-10 Relative Error 

3.4 Observations 

We have presented here the Daubechies scale function based quadrature rules for numerical 
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evaluation of definite integrals involving regular, weakly singular, Cauchy singular integrands 
and even a combination of them. Each formula consist of sum of product of some weight and the 
value of the regular part of the integrand evaluated at the nodes. Weights and nodes involved in 
the formulae are the moments of the interior and boundary scale functions. The efficiency of the 
quadrature rules derived here has been tested by comparing numerical results obtained by present 
formula and by other available methods for some examples for each case. An estimate of the 
bound of error in the quadrature formula for regular integral has been obtained. It appears that 
order of accuracy in the numerical evaluation of raw images for    by one-point 
quadrature rule proposed here is good enough since it is comparable to the error in Daubechies-  
scale function based multiresolution approximation of any  function in approximation 
space 

 
 

at the resolution . One may, thus rely on the Daubechies scale function based formulae (45), 
(62), (71) and (79) for the approximate evaluation of regular or singular (upto Abel and Cauchy 
singularity) definite integrals with a desired order of accuracy at the appropriate resolution j. 
Formula for numerical evaluation of definite integral with logarithmic singularity can also be 
obtained in a similar way. This investigation further confirms that orthogonality is not a 
significant issue for the bases of approximation space for    as pointed out by Jia et al [?] 
in their studies of compactly supported wavelet bases for Sobolev spaces. It is expected that the 
idea of one-point quadrature rule for the evaluation of raw image corresponding to interior or 
boundary Daubechies scale function can be utilized for approximating numerical values of 
Cauchy singular integral or hypersingular integrals with singularty at one edge of the integration 
limit or finding numerical solution of singular integral equations. Some work in this direction has 
already been carried out. 

Solution of second kind integral equation with Cauchy type kernel using Daubechies scale 
function, Panja, M. M.  and Mandal, B. N., J. Comput. Appl. Math 241 (2013) 130-142 
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The Mathematical Story in the Theory of Relativity

The aim of this lecture is to establish both special and general theory of 
relativity as geometric theories. According to Einstein, space and time should 
be on the same footing and we have four dimensional space-time. We start 
with Euclide’s axiom that distance between two points in space is invariant and 
extend it to four dimensional space-time for two neighbouring points then we have 

to be an inv having dimension of velocity is 
introduced on dimensional ground. Although space and time are on the same status 
in (1) but still time should have a separate identity due to (i) there is space 
reversibility  i.e.  xi   xi  but time can move only in the future direction, (ii) 
from the point of view of mechanics one should have an identification of time co-
ordinate from eq. (1) after co-ordinate transformation. For this requirement, a 
simplest modification to equation (1) can be chosen as 

Here ds is termed as space-time interval and it is claimed that it should be invariant 
under space-time co-ordinate transformation. For simplicity, we shall consider 
linear transformations which make the above space-time interval to be invariant. 
Interestingly, it is found that such a linear transformation is nothing but the Lorentz 
transformation with  being the absolute velocity. Hence  can be identified as the 
velocity of light. Further, from the invariance of ds2 for two inertial frames S and S
and using the Lorentz transformation between S and S one obtains the velocity 
identity as 

where u, u are the velocities of a particle in S- and S - frame respectively and v is 
the relative velocity between the two frames of references. In particular if u and v 
are in the same direction then one obtains the law of composition of velocity as 

or in other words we write 
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The set of all Lorentz transformations having relative velocity in the same 
direction form a group with the above binary composition (known as Lorentz 
group). Thus by a simple modification of Euclide’s axiom for a separate 
identification of time, we switch over from Newtonian theory to Einstein’s special 
theory of relativity and also the algebraic structure has been changed. We shall 
now examine the geometric structure of the so constructed four dimensional space-
time. 

Similar to the space-time interval, the quadratic form D2 = x1
2 + x2

2 + x3
2 

2t2 is invariant under Lorentz transformation (LT). Due to indefiniteness in sign, 
D2 may have values +ve,  or zero. We shall first examine the situation D2 = 0. 
In four dimensional space-time it represents a cone having axis along the time 
direction. Thus, for points inside the cone we have D2 < 0 while D2 > 0 for points 
outside the cone. Also it is easy to see that events occurring inside the cone have 
velocity less than the absolute velocity, the velocity will be greater than  for 
events occurring outside the cone and the events occur with absolute velocity on 
the surface of the cone. This cone in special theory of relativity is termed as null 
cone or light cone. All natural physical events occur inside the light cone and 
outside the cone is physically inadmissible. Events occurring inside the cone are 
termed as time-like events while events outside the cone are known as space-like 
events and events on the surface of the cone are called null or light-like events. 
Thus the whole four dimensional space-time is divided into two regions having a 
common boundary as the surface of the cone. So the geometric structure of the 
space-time is no longer Euclidean, rather pseudo-Euclidean or Minkowskian in 
nature. 

Now we shall discuss the geometric aspect of Einstein’s general theory of 
relativity (GTR). The natural question that arises in Einstein’s GTR is how curved 
geometry appears in the gravity theory ? We shall show that Einstein’s equivalence 
principle leads to geometry of curved space- time. According to Einstein, the 
inertial mass and the gravitational mass are equivalent (weak equivalence 
principle) and it is verified experimentally. So the equation of motion of a particle 
moving in a gravitational field can be written as 
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As mi = mg (weak equivalence principle) so we have 

If we now transform to a non-inertial frame described as 

then we have 

which shows that there is no gravitational force in the non-inertial primed system. 
Thus we can say that the given gravitational force and the accelerated non-inertial 
frame are equivalent and is known as strong equivalence principle. 

Let {xi} be an inertial frame of reference and so we have the Minkowskian 
line element 

Suppose {y } be a non-inertial frame of reference and we write 

As in the Minkowskian space-time there is no gravitational force so we have 

103



Due to invariance of ds2 we have 

These are the usual christoffel symbols. We can interpret eq. (5) as the geodesic 
equation in the non-inertial frame. Also in analogy to Newtonian theory   is 
interpreted as the force term and the metric tensor components g  represent the 
potential term. 

Using the christoffel symbols we can define the covariant derivative and 
from the non-commutativity of the second order covariant derivative one can 
define the usual curvature tensor. 

Thus starting from the equivalence principle we are able to show that the 
four dimensional space- time geometry is a curved geometry and is a Riemannian 
geometry with Lorentzian metric. Then following Einstein’s logical arguments one 
arrives the Einstein’s gravitational field equations 

In four dimensional space-time there are ten field equations which are not all 
independent – six equations are independent and four equations are the constraint 
equations. 

—————— 
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 
        

            
            
            
          

 

        
          
         
         
        
        
        
       
       
     
        
         
      
         
        
       
        
        
        
        

       

        
       
      

       
        
         
        
        

      

  

  

        
     

        


        

  




   

 

      


  

       

 
         
       

      

            
  

    

      

    

         

   

   

 



           
        
       
         
     






  
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

           
        
   

 

       
 

      













          
          


 

 
 






 










 




    

        





 

  



 


  

 

     

         


      

         
                










 

   




      
        

       
  

   
     

        
       



   

 

       


            
        










 









   



  






        
        
         
        
        
               

        
     


 







    



   
  



 
   

               

           
        
            
       
         
        




 


 



 


 

          
       
        




        
        
        

         





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

           
         

        
        
           
        

       
        

         
          
    




 


  

         
 

        



      

     
         
        
         
        
        
        

        
       
        
           
          
     

    
  

         
         
           
        
         
        

           
        

    


 


       
          
        





































    
          
       
        
 

      

        
 

       
       

           
        
        
        
     

        
        

     
         

        
       
        
          
       
        

      


         

  


 



 







           
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


































    
         
       
           

   

  

 


 







  




 










       
         


        

 
          
  

 
 






 


 










       
     

 

        
      

      
       
          

        
         
        
        

        
       
         

       
    

           
         

        
        
       
      
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Abstract: 

The aim of the present study is to investigate the nature of blood flow through an arterial tube 
under overlapping stenotic condition. The expressions forFlux and resistance to flow with 
different stenosis height have been studied here by considering the blood as pseudo plastic 
power law type non-Newtonian fluid. The numerical results for various parameters are shown 
graphically and discussed. 
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Introduction: 

Blood flow related problems are quite different from all other fluid flow problems due to its 
unusual fluid properties, rhythmic action of heart valves and high Reynolds number of 
blood.So actual mathematical model of blood flow problems is unknown to us. Many 
Mathematicians have investigated some mathematical models to study the blood flow 
characteristics by considering the blood as Newtonian fluid under stenosed condition (Young 
[1], Lee and Fung [2], Shukla et. al [3]). But since blood consists of formed elements like red 
cells, white cells and platelets in an aqueous solution, blood behaves like a non-Newtonian 
fluid under certain conditions. So it is more appropriate to consider the blood as non-
Newtonian fluid when it present as a mathematical model. 

Blood flow characteristics can be altered significantly by the arterial diseases such as 
aneurysm and stenosis. Stenosis is a serious cardiovascular disease. Stenosis is formed by the 
deposition of fatty substances like fats/cholesterol in the lumen of the artery. If stenosis is 
formed, bore of the artery becomes narrow and so normal blood flow is disturbed abnormally 
whose consequences cause several diseases like stroke, hypertension, brain haemorrhage etc. 
some researchers have presented two layered mathematical models to study the haematocrit 
effects on blood flow (Mazumdar et. al. [4], Sanyal and Maiti [5], Sanyal and Sarkar [6]). 

Few medical researchers have analysed mathematical models to discuss the effect of stenosis 
on blood flow by considering blood as various types of non-Newtonian fluid such as power 
law fluid, Herschel bulkley fluid, Casson fluid and Bingham-plastic type fluid (Richard et. al 
[7], Tu et. al [8], Siddiqui et. al [9], Biswas et. al. [10] and Kumar et. al. [11]. They have 
considered the effect of single stenosis. But since stenosis may have developed in series or in 
overlapping form, many researchers have studied the effect of overlapping stenosis on blood 
flow through an arterial tube by consider blood as non-Newtonian fluid ( Chakraborty et. al. 
[12], Layek et. al. [13] and Srivastava et. al. [14]). 
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In the present analysis I have considered a mathematical model to study the non-Newtonian 
behaviour of blood in presence of overlapping arterial stenosis by considering blood as 
pseudo-plastic power law type fluid.  

Mathematical Formulation: 

Let us consider the steady flow of blood through an inelastic constricted arterial tube which is 
axially symmetric but radially non-symmetric. 

The geometry of stenosis can be taken as [13] 

h =   

= 1           

= 1, otherwise,   (1) 

Where  is the radius of the tube in the stenotic region,  is the radius of the tube outside 
the stenotic region,  is the radius in the plug flow region ,  is the length of the stenosis 
and  indicates its location,  is the maximum height of the stenosis. Projection of stenosis at 
the two positions is denoted by z as z =  , z =  . The critical height is taken as at  

z =   from the origin. 

The equation governing the flow is given by 

 =    (2) 

in which  represents the shear stress of blood for Bingham-plastic fluid and p is the 
pressure gradient. 
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The relationship between shear stress and shear rate is given by 

     , 

     (3) 

Whereu  standsfor the axial velocity of blood; , the yield stress and  , the coefficient of 
viscosity of blood. 

The boundary conditions are 

 (i) is finite at  = 0

   = at =   

(iii)  at  = 0 if   (4) 

Solution: 

Integrating (2) and using the boundary condition (i) of (4) we get 

 = 

For simplicity we take n = ½ in (3) 

From (3) we get by using the boundary condition (ii) of (4) 

     =          (5) 

Since   at  =  the upper limit of the plug flow region is obtained as 




The plug velocity  is given by 

   =     (6) 

The volumetric flow rate i.e, the flux is given by 

    

  =    (7) 

Thus 

 = 
  

 (8) 

The pressure drop  across the stenosis between z = 0 to z = L is obtained as 
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

 =  
  

  (9) 

Introducing the following non-dimensional quantities we get 

  ,     
 ,   , 

 ,  ,  ,   (10) 

in equation (9) we finally get (after dropping the bars) 


  

  (11) 

The resistance to flow  is defined as 

 =  = 
  

 (12) 

The pressure drop in the absence of stenosis (h =1) is denoted by and is obtained from 
(11) as


  

  (13) 

The resistance to flow in the absence of stenosis as 

 = 
  

= 
  

Hence the normalised resistance to flow  is given by 

  =   
  

  (14) 

Results and discussions: 

To illustrate the flow behaviour the results are shown graphically with the help of MATLAB-
7.6.The numerical results are shown graphically and discussed for various values of the shape 
parameters. 
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Figures 2-4 represent variations of flux  for the variation of  stenosis length , and  with 
the variation of stenosis height . It is observed that  decreases with the increase of 
, and  for fixed values of the other parameters, but it increases when  increases as stenosis 
develops. 

Figures 5-7 depict the variations of non -dimensional resistance to flow  with the variations 
of stenosis height for different values of ,  and . It is found that as stenosis increases, 
resistance to flow  increases with the increase of  but opposite phenomenon occurs when 

and   increase. 

Conclusions: 

Blood flow characteristics mainly dependon flux and resistance to flow. It is clear that 
resistance to flow increases with the increase of stenosis height for which several 
cardiovascular diseases occur. So from clinical point of view this model may be helpful for 
further study of the medical researchers relating to blood flow problems. 

Figure -2 
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Figure -3 

Figure – 4 
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Figure – 5 

Figure – 6 
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Figure – 7 
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       

   

 

  



              

    

               



           



 

           


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 

                  
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             

            

           
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              

    

         

             

             

             

              

             

           

             

              

              

              

               

             

         
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             

                

            

            

              

           

              

            

           

              

            

             

              

                

        

              

              

              

       

 

              

             

          

              

             
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           




     




   

               

                     

            

              

            

            

              

             

            

              

                

             

               

              

               

             

             

              

             

            

             

              

               

              

                 

                          

             

                      
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             

     

    

                  

          

                 

   

       



         

                

       

  

        

      

   

      

          

      



          

     

           

            

                 

              

               

            

             
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            

   

     

               

                 

                

                            

                 

   

               

           

         

         

       

              

              

           

              

                

              

             

         

                   

       
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              

                     

             

           

    

                

                 


         


        

  




              

        




                     

        




  

 

   

 
         


        

  




              

       




                     

        




      

 




  

 
   
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        


       

  




             

        




                   

         




         

 




         

 

     


  

 
 

    

                 

                  

               

  



  

   


  

 


     


  

 

   

                

           

            

          

           
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            
           



 




        

         

          

          










     

         




                 




  

               

              

      

 


   

 


            

 


      

             




 

     


   

   

   











    

               

                

              

             
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               

             

    

    

 

          

           


  


                    

 




    

 




  

 


 
  


                       

 




  

 

  

  


                     

 




        

 

   


  

 




                 

                

           

  
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

 


  

 

  

   


  

 

   

                

           

            

          

        

                     

  

 




        

         

          

          










     

         




                 




  

                  

                 

   
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 


   

 


            

 


       

                

                 

               

                 

   



                  

        

          

                     

 




       

       










     




                 

             

             

             

            

129



      

             

          











 



 

    

 

   

              

                

        

                   

      

             

 

                 



            

               


      

             



       



 









 




  













 
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    

       



  









 





  












 

        

     



    









     




 









    





 


 


 
  

       

   


 





 






 








     




 









    





       









     




  








    






              

                



               

     

                   

                 
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          

              

     

   

     

 




 




 



  


 

  




           

          

              

           

    

   

               

            









  






                  

               

               

             

                
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      



   

                  

                  

     
         

   

     

                

               

             

    

              

     




  







  








  
 

                

              

                

   


          

               

             

              

              

              

              

    

   

               

               

              
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                

           

      








 











            

              

               

               

             

               

                 

                  

  

   
     



               



   

               

                 

   

             

                






 











  








  
 
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    

 
    

         

 


 

 
 










          

 


     




   







                

              




 




  



 






 

                







  

 




                   

   












 





                
   

               

                 

                    

                 

             

         
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           

       

             

               

                 

            

                

            



 

              

              

              

               



  
 

  


             

            

              

       

   




   







  









  
 

                  

                

          
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        










       

   










    

      












      

               
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          






























      

 

          


























      



                     
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        



             

             

     

            

      





    





   



  








 



  







  







  







  


                   

     

 


 




 
 

      

           







  

 




                   

          







   














      

     

       
  

   
           







   



 




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               
     

   
             

 


  




     



  







         



  




  



   


    
          

    
 

 
       

 

 
  

 
 

        

  

             

 
  


 




 

 



 

           

   

              

                

             

            

              

              

        
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










































































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































 

      





































 

      



                     







































142





               

   

 

              

   

 

         

         

               

       

              



              

   

                 

       

              

         

    

         

    

  

             


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            

          

             

                

    

        

               

          

  

              

        

            

  

             

    

                



            

   

             

        

           

   

           

       
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           

       

      

     

         

       

       

         

           

   

           

  

  

   

  

 

              



            

      

          


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   

          

           

           

  

          

            



         

    

         

               

    

                  

  

            

      

           

        

               



            

 
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

    

         

  



            

             

             

             

             

            

              



 

 

             

              

              

              

               

     
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                

               

         

             

              

               

           

              

             

              

             

                

           

             

            

               

             

              

              

             

            

              

              

            

              
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               

              

         

             
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            

          

  

             
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              

            
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              

               

            

       

               

           
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             

           

           

   

    

             

             

              

              
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        

     

   

  

   







              

    

            

    

             

        

         

                 

                  

          

  

      

                   

    

   








   










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

     




     




   




























 

              










 











 

      

     

               

      





 




 




    

  


        

       

       



 




  







 




  









        

          

    

                 




 


 


 






  







 


 


 


  







 


 


 




  









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             

             

 











  












  












 

   

      

      

      

         







       

      

 












  













  













 

            

  

           

           





 
























        

     

  














   




    

              

   


    
















 






 















   
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     




 

  

 







   



 










 










 




          

         












    














   

    
 

 

                      

  

  


 

      


       



        

   






 

  

   



  

      

         

   

153



           

   

    

             

 

        

  


 
  



  

    


















  



 










  

           











 












 
 


 


  








    
 

  

  

              


            





















 
 


 











             

    

                   

  


















 
 


 









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              

     

                

  









 





























  






                 

          









 













 




  






   

                   

               

  




















 












               

   

    

  

         

      

         
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          


 

  

                 

          

             


     



                 

             

  

        

    



     


    


       

            

                

 





    

       

        

               

     


              










             

    








            

              

               







                

                

     








           

                

        








    

               
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                  

               

         

              

                  

    
    

       


















  






 

 

 

 

            


 


 


        




 
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       




















 









 

 

 

 

            


 


 


        




 

       



















 









 

 

 

 

            


 


 


        




 
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         

























 









 








 






 






 







            





 

 


 


       

         

















 









 






 






 






 






            





 

 


 


      
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      





















 








 










 







 










 







            

    

 


 


  




 

      





















 







 










 










 










 










            

    

 


 


  




 
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 

            

             

              

             

            

        

    


       

  

             

     

             

    

              

              

            

       



             

             



             

 

    
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            

 

   

             

  

 

      

             

          

             

           



             

          

    

               

      

                

     

              

           

  

              

 

      

             

        
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           

              

          

             

            

  

             



              

           



            

          

               

           

 

            

  

           

 

              

           



             

     

             

           

          
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              

        

              

          



       



           

          

 

             

  
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VALEDICTORY  ADDRESS 

A.B.Raha 

Let me begin by thanking the Organizers of the 2-day 
Seminar,and in particular, Bhargav maharaj, the Vice-
Principal of The Ramakrishna Mission Vidyamandira, 
for inviting me to deliver the Valedictory address. I have 
been in a real predicament doubting my competence for 
this task. Being a practitioner in Pure Mathematics I am 
now required to sketch a brief idea of application of 
modern mathematics. The situation is akin to one when a 
classical musician is asked to sing popular film songs. 
Let me strive to do as much justice as possible to this 
occasion. 

Let me start my talk by quoting a famous saying of Paul 
Richard Halmos : The only way to learn mathematics is 
to do mathematics. 

In his famous as well as sensational monograph “ A 
Mathematician’s Apology “ Godfrey Harold Hardy(more 
popularly G.H.Hardy ),the British mathematical icon of 
the 20th century, is full of praise for Pure Mathematics 
for its own sake,its sheer beauty and its being divorced 
of application. According to him  Applied mathematics 
which is useful in construction of bridges or in warfare is 
“Intolerably dull” and thus worthless. He writes “A 
mathematician, like a painter or a poet ,is a maker of 
patterns. If his patterns are more permanent than theirs, it 
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is because they are made with ideas… The 
mathematician’s patterns , like the painter’s or poet’s, 
must be beautiful; the ideas, like the colours or the 
words, must fit together in a harmonious way. Beauty is 
the first test; there is no permanent place in the world for 
ugly.” 

German mathematician Jacobi shared a similar sentiment 
when he expressed “ It is true that Fourier has the 
opinion that the principal object of mathematics is the 
public utility and the explanation of natural phenomena; 
but a scientist like him ought to know that the unique 
object of science is the honour of the human spirit and 
on this basis a question of the theory of numbers is worth 
as much as a question about planetary system.” 

Exactly an opposite view is held by the mathematician 
Cedric Villani, the director of the Institute of Henri 
Poincare and a recipient of Fields Medal in 2010 who 
recently visited India. According to him Hardy’s was a 
“monstrous way of Thinking”.One should not 
underestimate Applied Mathematics or application of 
mathematics. Some of Hardy’s work in pure 
mathematics later turned out to be very useful in 
Genetics (e.g., Hardy-Weinberg Law) and several other, 
apparently non-mathematical, branches. Hardy’s 
favourite Number Theory yielded extremely useful and 
non-trivial applications to this date. Because of all these 
aspects Prof.Villani refuses to distinguish between Pure 
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and Applied mathematics. He, indeed, feels that Applied 
mathematics together with application of Pure 
Mathematics have added further glamour to Pure 
Mathematics. Another strong and appropriate view in 
favour of application of mathematics by a famous Polish 
mathematician S.M.Ulam who played a very important 
role in  the Hydrogen Bomb project of U.S.A. asserts “ It 
seems to me the impact  and role of the electronic 
computer will significantly affect pure mathematics also, 
just as it has already done so in the mathematical 
sciences , principally physics, astronomy and 
chemistry”. 

In order to highlight the application of Pure mathematics 
let me present the following two tell-tale views as last 
two in the present list:  Alexey Sosinsky in 1991 writes “ 
the notion of a ‘group’, viewed only 30 years ago as the 
epitome of sophistication, is today one of the 
mathematical concepts most widely used in physics, 
chemistry, biochemistry and mathematics itself.” 

A  Mathematical Physicist  echoes “ All modern theories 
of nuclear and electromagnetic interactions are based on 
Group theory”. 

Turning towards Pure Mathematics let me first present 
an “Old wine in a new bottle” as an application of 
modern method to prove an old classical Theorem. Here 
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is a smart cryptique proof of the celebrated result of 
Euclid: The set of prime numbers is infinite. 

“ If the set P of primes is finite let  Μ = . Then 

0 ) . A 

contradiction !  “ 

Note that Μ is divisible by each prime   p.  Hence 
 . As 1+2M > M 

> р   for every prime p Р , 2M+1 is a composite
number and consequently divisible by some prime p0

P. Then the term on the R.H.S involving p0   is 0.

I conclude my talk with the following problem in 
Topology. It is a well-known theorem of Alexandroff 
and Hausdorff (1929) that every compact metric space is 
a continuous image of the Cantor Ternary set. Now 
question  arises : which topological spaces are 
continuous images of the Cantor set? Clearly such a 
space must be compact and has cardinality  c  the 
cardinality of the continuum. In the case of Hausdorff 
spaces it can be shown that a continuous image of the 
Cantor set has to be compact and metrizable. Hence the 
problem remains in the case of non-Hausdorff spaces : 
what are the non-Hausdorff spaces that are continuous 
images of the Cantor set ?  
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As an  illustration  it can be shown that R with cofinite 
topology is a non-Hausdorff space which is a continuous 
image of the Cantor set. 

With these words I stop. I don’t know whether I could do 
justice to what has been expected of me. In any case let 
me thank the audience for the patient hearing paid to me.  

—————————
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